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Consideration is given to the indefinite self-association of biological molecules assuming that each step-wise addition of monomer is 
characterized by the same enthalpy change, and that the second virial coefficients adequately describe the thermodynamic 
nonideality. Statistical thermodynamic models are used to calculate translational and rotational entropy changes accompanying the 
addition of each monomer to the aggregate. Three polymerization schemes are explored in which the solute species are modeled as 
right circular cylinders of various length/radius ratios. The analysis is applied to published data on the self-association of bovine 
liver glutamate dehydrogenase. 

1. Introduction 

Certain biological molecules appear to self-as- 
sociate indefinitely as their concentration is in- 
creased. Examples may include puke [1,2], 
glutamate dehydrogenase [3], lysozyme [4], thy 
motrypsinogen A [5] and P-lactoglobulin A [6]. 
Systems exhibiting such behavior are generally 
analyzed using the (isodesmic) assumption that all 
step-wise molar association constants are identi- 
cal. This assumption yields simple analytical ex- 
pressions which allow facile determination of the 
‘intrinsic’ association constant from a linearized 
transform of the data. However, statistical ther- 
modynamical calculations of the entropy changes 
accompanying each step-wise association show 
that the isodesmic assumption is unreasonable [7]. 
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We therefore present an alternative treatment 
which employs computation of the translational 
and rotational entropy changes associated with the 
addition of each monomer to the aggregate. The 
calculations require choice of the geometries of all 
the species, and the association constants obtained 
from the analysis are therefore dependent on the 
choice of the polymerization model. Various poly- 
merization schemes are explored in which the so- 
lute species are modeled as right circular cylin- 
ders. The analysis is applied to the self-association 
of glutamate dehydrogenase [3]. 

2. Theory 

2. I. Ideal systems 

2.1.1. Background thermodynamics 
Consider the following set of equilibria which 

describe the step-wise indefinite self-association of 
a solute molecule 
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where i = 2, 3, 4, . . . . The system may be de- 
scribed by either weight (K,,j) or molar (K,,,) 
equilibrium association constants 

where w, and ci refer to the weight and molar 
concentrations, respectively, of the i-th species. 
The two sets of constants are related by the ex- 
pression 

K,,i= ’ .K,, 
M,(i-1) ’ (3) 

where MI is the molecular weight of monomer. 
The weight concentration of each species is 

related to the weight concentration of monomer 

by 

w;=w;;IK,, 
J=2 ’ 

(4 

Thus the total concentration of solute is 

W T=W, + &kfKw., (5) 
i=2 j=2 

and the weight-average molecular weight of the 
system is 

M,=M, 

/ 

w1 + C 4 liKw,J 
i=2 j=2 

wT 

2.1.2. Translational and rotational entropies of the 
solute species 

We will assume that the total entropy of a 
species is given by the sum of the translational 
and rotational entropies of that species. Various 
other possible contributions to the term (s - g_, 
- 3, + s,) are considered in appendix A and 
shown to be (probably) less important. The molar 
translational (s,;) and rotational (gr,;) entropies 
of i-mer are given by [7,8] 

$,,=R($lniM,-lnc,+Z,) (8) 

g,,=R(: In Ii+ 2,) (9) 

where I, is the product of the moments of inertia 
about the three principal axes of the i-mer. The 
terms 2, and 2, are functions of a symmetry 
factor, the temperature, and various fundamental 
constants (Boltzmann’s constant, Planck’s con- 
stant, and Avogadro’s number). Since they are 
independent of i, Z, and Z, will disappear upon 
calculation of KC,1/KCy2. 

Combining eqs. 7-9 and rearranging 

The evaluation of K,,, requires calculation of the 
moments of inertia of each species and hence the 
choice of a shape for each species. 

For computational reasons, it is more convenient 
to calculate K,JK,,, rather than calculating KC*, 
directly. Assuming that the addition of each 
monomer to the aggregate is accompanied by the 
same enthalpy change 

where $ is the molar entropy of 
and R the universal gas constant. 

(7) 

the i-th species 

(6) 

2.1.3. Geometric models of the solute species 
The monomers are modeled as right circular 

cylinders of length I, and radius r,. The product 
of the moments of inertia about the three prin- 
cipal axes is 

I, = im,r,2 ( :mlr: + Am,l:)2 (11) 

where ml is the mass (in g) of the monomer. 
These monomers are considered to associate 
according to three hypothetical schemes chosen to 
encompass a broad range of polymerization mech- 
anisms (fig. 1). Let B = I,/rl describe the monomer 
geometry and $, = l,r,/l,r, describe the relation- 
ship between the geometries of i-mer and mono- 
mer. The product of the moments of inertia of the 
i-mer about the X, Y and Z axes may be written 
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Fig. 1. Schematic representation of right circular cylinders 
associating such that either the radius, length, or length/radius 

of the aggregate is identical to that of the monomer. 

We further define I+!J~ = m:rF/rn:rp. Thus 

4 11 JiJl -=- 
Ii-lz2 A-1J2 

(13) 

where .iJ is related to the reduced terms 8, & and 

+i 

J=#,(:+$e*$$)2 04) 

The expressions for $ and qi may be further 
simplified for each of the cases shown in fig. 1. 

(a) Conservation of radius: & = i and #, = i3. 
(b) Conservation of length: 9; = i-‘/2 and 4, = 
.6 

;c; c onservation of length/radius: 9, = 1 and 
#,,= is. 

2.2. Nonideal systems 

Nonideality will be treated using two hard-par- 
ticle models: virial theory and scaled particle the- 
ory [9,10]. The osmotic pressure, light scattering, 
and sedimentation equilibrium behavior of con- 
centrated protein solutions are adequately de- 
scribed by both formalisms [ll-141. 

2.2.1. Correction of the apparent weight-aoerage 
molecular weight obtained by sedimentation equi- 
librium 

In nonideal solutions, the apparent weight- 

average molecular weight (M,,,) reported by sedi- 
mentation equilibrium is lower than the true 
weight-average molecular weight (M,,,). A semi- 
empirical correction of M,,, yields M, to within 
10% in a variety of self-associating systems at 
concentrations up to 400 g/l [14]. 

Assuming that all species have the same geome- 
try as the monomer, we can calculate a set of three 
shape factors required by scaled particle theory 

a = 0.25( n + 8) 

b = 2x(1 + 0) 

c=&I 

(15a) 

(15b) 

(1% 

where 19 =1,/q as in section 2.1.3. A set of ap- 
parent virial coefficients derived from scaled par- 
ticle theory is given by 

l+ (i-l)(i-2)a2b2 + (i-1)ab 

6c2 C 1 (16) 
The corrected weight-average molecular weight is 
obtained from the relationship 

M W.C = Mv,,, 
( 

1+ c&$-i 
1 (17) 

i-2 

The volume fraction cp = w (g/l) u (l/g) where 
u is the specific volume of the equivalent particle. 

2.2.2. Calculation of the apparent equilibrium con- 
stants 

In nonideal solutions, the apparent step-wise 
equilibrium constants (K’) are related to the true 
constants by the relation 

(18) 

where y, is the activity coefficient of the i-th 
species. It is difficult to treat indefinite self-associ- 
ation at arbitrary concentration since scaled par- 
ticle theory may not be used to calculate y, when 
the solute species have different shapes [15], and 
the virial coefficients B,-B, in a three-dimensional 
fluid are only available for identical particles [16]. 
However, a limited treatment of yi in terms of the 
second virial coefficients is possible using the for- 
malism of Kihara [17] as described in appendix B, 
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3. Results and discussion 

Simulated results will be used to demonstrate 
various features of indefinite isoenthalpic self-as- 
sociation in thermodynamically ideal solutions 
Experimental data obtained with glutamate dehy- 
drogenase [3] will then be fitted using the above 
theory. 

Fig. 2A-C shows plots of KJK,, vs. i for 
monomers of various length/radius ratios associ- 
ating according to the three schemes in fig. 1. In 
all cases, the system is far from ‘isodesmic’, as has 
been previously noted [7]. The decrease in equi- 
librium constant with increasing aggregate size is 
due to the greater loss of translational and rota- 
tional entropy upon association of a monomer 
with a large aggregate compared to its association 
with a small aggregate. Values of Kc,i become 
approximately constant at large i because, under 
these conditions, the entropy of an i-mer is ap- 
proximately the same as that of an (i - l)-mer. 
When the association is ‘end-to-end’ (fig. 2A, con- 
servation of radius) an increase in 0 results in a 
decrease in a given equilibrium constant. The op- 

posite trend is observed when the association is 
‘side-by-side’ (fig. 2B, conservation of length). 
These effects are due to the influence of the mo- 
ments of inertia of the various species on their 
rotational entropy, and hence on the values of 

KJK,2. When all species have the same shape 
(fig. 2C, conservation of length/radius), the equi- 
librium constants are insensitive to changes in 
monomer geometry. This is because when $ = 1, 
the term JiJ,/(J_iJ2) reduces to i5/32(i- 1)5 
and is therefore independent of 8. 

The indefinite self-association of bovine liver 
glutamate dehydrogenase [3] will now be consid- 
ered in the light of the above theory. This system 
was chosen for discussion because the association 
is known to be end-to-end [18]. We will assume 
that the largest aggregate contains 20 monomers, 
and that the specific volume is the same as the 
partial specific volume. Data may be fitted accord- 
ing to an indefinite isoenthalpic self-association 
model in the following way: 

(a) For a given polymerization scheme, values 

of K,,, and 0 are chosen. The apparent weight- 
average molecular weight is corrected for nonideal 

Fig. 2. Plots of K,,,/K,, vs. i for various polymerization schemes and monomer geometries. (A) Radius of cylinders conserved 
during aggregation: length/radius of monomer is 0.1 (0),’ 1 (m), and 10 (A). (B) Length of cylinders conserved during aggregation: 

length/radius of monomer is 0.1(O), 1 (W). and 10 (A). (C) Length/radius of cylinders conserved during aggregation. 
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effects using eq. 17, and the second virial coeffi- 
cients B,j are calculated using eq. B6. Values of 
K,,; are computed from eqs. 3 and 10 assuming 
thermodynamic nonideality, and are corrected for 
nonideality during the iterative procedure below. 

(b) For a given wr, an initial guess is made of 
the value of w ,. Initial values of w 2 - w 2,, are 
calculated using eq. 4. 

(c) The yi are calculated using eq. B7, and the 
K,,; are corrected for the effects of nonideality 
using eq. 18. New values of w2 - w2e are calcu- 
lated. A better estimate of wi is obtained based 
on a rearrangement of eq. 5 

w; = 
“(T 

i (19) 

1 + c w;-‘~K,,~ 
i-2 j=2 

Oscillations in the value of w1 are damped using 
the relation 

w;’ = (w; + W/3 (20) 

(d) Step (c) is invoked repeatedly until the 
value of w1 converges. The value of (M,/M, (ex- 
perimental) - M,/M, (calculated))2 is then com- 
puted. 

The shape of the x2 surface will be initially 
explored assuming end-to-end association in a 
solution which is thermodynamically ideal, and 
the data will then be fitted to various models 
which take account of nonideality. Fig. 3 shows a 
stereo diagram of SSQ vs. K,,, vs. log 6, calcu- 
lated according to the procedure outlined above. 

The best-fit value of K,,, is well defined for a 
given value of 8. However, it is difficult to decide 
on a best-fit value of 8 because the value of SSQ 
is fairly insensitive to changes in B. A more detailed 
examination of the ‘valley’ in the surface shows 
that the best-fit value of K,, is a weakly varying 
function of 8, with better fits being obtained at 
lower values of 0 (see table 1). 

The ability of several models to describe the 
self-association of glutamate dehydrogenase is 
explored in detail in table 1. In general, considera- 
tion of nonideality resulted in an increase in SSQ 
for the isodesmic models but a decrease in SSQ 
for the isoenthalpic models. The isoenthalpic mod- 
els reported best-fit values of K,,, which were 
weakly sensitive to the polymerization scheme and 
the assumed monomer geometry, and were higher 
than the value obtained from the isodesmic mod- 
els. Of all the isoenthalpic models considered, the 
models exhibiting the lowest SSQ coincided with 
the known behavior of glutamate dehydrogenase, 
i.e., end-to-end association. 

Fig. 4 displays a plot of M,/M, vs. wr for 
glutamate dehydrogenase, adapted from fig. 7 of 
ref. 3, together with a curve generated using the 
nonideal end-to-end association model and values 
of K,,= 6.6 l/g and 0 = 0.5. The data are ap- 
proximately described by an isoenthalpic model 
over this small concentration range. However, the 
agreement between theory and experiment is not 
good as shown by the slight but systematic dis- 
crepancy between the experimental points and the 
fitted curve. This discrepancy may arise because 

,lO 

SSQ 

Fig. 3. Stereo diagram of sum of squares of residuals (SSQ) vs. K,,, vs. log 0 generated assuming end-to-end association of 
glutamate dehydrogenase in ideal solution. The data points used in the computation are shown in fig. 4. 
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Table 1 

Best-fit values of K,,, (I/g) for various assumed monomer 
geometries, polymerization schemes, and association models 

Values in parentheses are the sum of squared residuals x IbOO. 

Polymeri- B Isodesmic Isoenthalpic 
zation 
scheme 

Ideal Nonideal Ideal Nonideal 

Conserve r 0.1 3.8 (44) 3.7 (78) 6.8 (49) 6.7 (36) 
0.3 
0.5 
1 
3 
5 

10 

Conserve I 0.1 
0.3 
0.5 
1 
3 
5 

10 

Conserve 

l/r 0.1 
0.3 
0.5 
1 
3 
5 

10 

3.8 (56) 6.6 (43) 6.6 i38j 
3.8 (52) 6.6 (44) 6.6 (41) 
3.8 (49) 7.1 (68) 7.1 (65) 
3.8 (47) 8.7 (140) 8.7 (142) 
3.8 (47) 9.1 (159) 9.2 (162) 
3.9 (45) 9.3 (168) 9.4 (177) 

3.8 (63) 8.7 (137) 8.8 (138) 
3.8 (53) 8.6 (135) 8.7 (134) 
3.8 (51) 8.6 (132) 8.6 (131) 
3.8 (50) 8.3 (120) 8.3 (118) 
3.8 (51) 7.6 (86) 7.6 (83) 
3.8 (52) 7.5 (79) 7.4 (75) 
3.8 (57) 7.4 (76) 7.4 (70) 

3.7 (79) 8.0 (105) 8.0 (92) 
3.8 (57) 8.0 (99) 
3.8 (53) 8.0 (101) 
3.8 (51) 8.0 (102) 
3.8 (51) 8.0 (102) 
3.8 (52) 8.0 (101) 
3.8 (57) 8.0 (100) 

2.5 

0 0.2 0.4 0.6 0.8 

3 (g/l) 

the step-wise associations of glutamate are not 
isoenthalpic, or because the theory is highly over- 
simplified and approximate. Nevertheless, the iso- 
enthalpic assumption is more reasonable than the 
isodesmic assumption and further analysis of self- 
associating systems should therefore proceed by 
modification of the above germinal theory rather 
than by reverting back to the isodesmic treatment. 

4. Concludiig remarks 

We have analyzed indefinite self-association 
taking &o account the translational and rota- 
tiodtil entropies of the various solute species. Our 
treatment requires more computation than the 
previous treatment based on the isodesmic as- 
sumption [2]. However, the isoenthalpic assump- 
tion is more reasonable and should yield values of 
the association constants which are closer to the 
‘ true’ values. When each monomer can make more 
than two contacts in the aggregate, it is necessary 
to refine further the approach and to use ap- 
proximate methods of counting the average num- 
ber of contacts as a function of size [19]. Finally, 
we note that our entropy calculations are only 
approximate and are based on highly simplified 
models of the solute species. In particular, the use 
of straight, smooth cylinders to model the rota- 
tional entropies of the solute species may lead to 
the discrepancy between theory and experiment 
shown in fig. 4. The results of an analysis based 
on the above theory should therefore be consid- 
ered as rough estimates of the step-wise associa- 
tion constants. 

Appendix A 

In section 2, the aggregates were modeled as 
rigid bodies. However, real aggregates would be 

-- 
Fig. 4. Plot of M,/M, vs. wT for the self-association of 
glutamate dehydrogenase (0) adapted from fig. 7 of ref. 3. The 
solid line was simulated using isoenthalpic theory pertinent to 
the case of end-to-end association in nonideal solution with 

K w,z = 6.6 l/g and length/radius of monomer = 0.5. 
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expected to undergo bending and torsional mo- 
tions (see fig. 5). Moreover, the association reac- 
tions may be accompanied by the release of inter- 
facial water molecules and buffer ions, and may 
also result in changes in the atomic motions in 
individual subunits. We therefore explore the af- 
fect that such factors may have on the values of 

Kc,i/Kc 2’ 

Consider the end-to-end association model, 
where each monomer is rigid and the i-th monomer 
may bend through a solid angle (Y with respect to 
the axis of the (i - 1)-th monomer (fig. SA). Let 
the entropy of bending of the dimer be 

sb.2 = R In F(a) (Al) 

where F(a) is some function of a. Assuming no 
inter- or intramolecular interactions between sub- 
units in the aggregates, the entropy of bending of 
the trimer is I 

sJ.3 = R In F(k)2 (A2) 

since for each configuration of the second subunit, 
the third subunit is able to bend through a solid 
angle 0~. Repeating this argument, one can show 
that 

sbj - &-* - &z = 0 (A3) 

In other words, the bending motions of aggregates 

B- - 
P 

Fig. 5. Schematic diagrams of aggregates showing motions of 
subunits. (A) Bending about a solid angle a with respect to the , 
axis of a neighboring subunit. (B) Torsional motion about an 

angle /3 with respect to a neighboring subunit. 

per se do not affect the values of K,JK,,, as long 
as the aggregates behave according to the simple 
bending model shown in fig. 5A. However, a bent 
rod will not have the same moments of inertia as a 
straight rod, and bending motions may therefore 
influence values of K,,i/K,,2 via the rotational 
entropies of the aggregates. 

A similar argument holds when the i-th 
monomer in the aggregate is able to undergo 
torsional motion about an angle j3 with respect to 
the (i - 1)-th monomer (fig. 5B). Again, these 
motions do not affect the values of KGJKc,2. 

The association reactions may be accompanied 
by the release of bound water and buffer ions 
from the subunit-subunit contact regions. As long 
as the number of solvent molecules released is 
independent of aggregate size, this effect will not 
lead to any changes in K,J’K,,~. 

The association of molecules may result in a 
decrease in atomic motions in the subunit-subunit 
contact regions. As above, when this effect is 
independent of aggregate size there will be no 
alteration in Kc,i/Kc,2. 

Appendix B 

The activity coefficient of an i-mer in a mixture 
of cylindrical oligomers may be calculated in the 
following way. Three shape factors for the i-mer 
are given by 

(I, = 0.25( ?7 + &#li) @la) 

bi = 2741 + L9&) (Bib) 

ci = 7r&#+ (Blc) 

The +, are dependent on the polymerization 
scheme as outlined in section 2.1.3. A characteris- 
tic dimension for the i-mer is 

where M, is the molecular weight of i-mer, u the 
specific volume of the equivalent particle (l/g), 
and N, Avogadro’s number. The average radius, 
and the surface area and volume of the i-mer are 

xi = arRi (B3) 
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